Higher Dimensional Homology Algebra 
IlrProjectivity 



Fang Huang, Shao-Han Chen, Wei Chen, Zhu-Jun Zheng* 



Abstract: In this paper, we will prove that the 2-category (2-SGp) of symmetric 
2-groups and 2-category (7?.-2-Mod) of 7^-2-modules([5]) have enough projective 
objects, respectively. 

Keywords: Symmetric 2-Groups; Projective Objects; 7?.-2-Modules 



1 Introduction 

The 2-category (7^-2-Mod) of 7?,-2-modules should be important like the category (R-Mod) 
in classical homology algebra (we call it 1-dimensional homology algebra). The property of 
projective enough of the category (R-Mod) is a stone for constructing derived functor and de- 
rived category [31 |S1 [TT]. We believe that the property of projective enough of 2-category {TZ-2- 
Mod) play the same role in higher dimensional homology algebra as the category (R-Mod) in 
1-dimensional homology algebra. 

In [T], D. Bourn and E.M. Vitale gave the definition of projective objects in the 2-category 
(2-SGp) of symmetric categorical groups(we call them symmetric 2-groups) and said that "an- 
other problem concerns projective objects (in the sense of Definition 11.1) in the 2-category of 
symmetric categorical groups. The notion of projectivity is crucial in the classical theory, but, 
unfortunately, we do not know if the 2-category of symmetric categorical groups has enough 
projective objects. (It would be interesting to solve this problem in order to appreciate the 
strong specialization done in Sections 14 and 15, where we consider only J^-extensions.)" 

The main aim of this paper is try to prove the conjecture of D. Bourn and E. M. Vitale. 
In fact, we prove that the 2-categories (2-SGp) and (7^-2-Mod) have enough projective objects 
from the well-known result that the abelian category (R-Mod) has enough projective objects. 

The present paper is organized as follows. In section 2, we will recall some basic facts 
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on symmetric 2-groups and their extensions, which are appeared in [1] [21 121 13; ^^'^ gi^^ the 
definition of projective objects in (7?.-2-Mod)(0). In the next two sections, we will proof (2- 
SGp) and (7?.-2-Mod) have enough projective objects. 

This is the second paper of the series works on higher dimensional homology algebra. The 
first paper is "2-Modules and the Representation of 2-Rings[5]". In the coming papers, we shall 
give the definition of injective object in the 2-category (7^-2-Mod), prove that this 2-category 
has enough injective objects and develop the (co)homology theory of it. 

2 Preliminary 

In this section, we will give the basic definitions and results cited from [T] [31 [31 [7] . 
Definition 1. [3 [31 [7] For a sequence (F, (p, S) in (2-SGp) as in the following diagram: 

A °- > C 




By the universal properties of kernel and cokernel([21 [31 [7]), there are homomorphisms Fo,So as 
in the following diagram: 



CokerT 




The sequence (F, 93, E) is 2-exact if it satisfies one of the following equivalent conditions: 

1) Fo : »4 — > KerYi is full and essentially surjective; 

2) Eo : CokerT C is fuU and faithful. 

Remark 1. There are four equivalent conditions in above definition from Proposition 6.2 in [7|. 

Definition 2. 1 Let A^C be in (2-SGp). An extension of ^ by C is a diagram (F,(^, E) in 
(2-SGp) 



A > C 



which satisfies the following equivalent conditions: 

1) The triple (F, Lp, S) is 2-exact, F is faithful and S is essentially surjective; 

2) Fo is an equivalence and E is essentially surjective; 

3) F is faithful and Sq is an equivalence. 

Next, we will only consider one special case in the definition of projective objects in (2-SGp) 
given by D. Bourn and E.M. Vitale in [T]. 

Definition 3. [I] Let 7^ be a symmetric 2-groups. V is called projective if, for each 1-morphism 
G : V B, and each essentially surjective functor F : A ^ B in (2-SGp), there exist G : P A, 
andg: FoG' ^Gin (2-SGp). 

Similar as the methods in (2-SGp), we have 

Definition 4. An object V in (7?.-2-Mod)(|6j) is called a projective object, if for any TZ- 
homomorphism G : V ^ C, and any essentially surjective 7?.-homomorphism F : B ^ C, there 
exist an 7?,-homomorphism G :V^B, and 2-morphism h : F o G G in (7?.-2-Mod) . 



3 Main Results I 

In this section, we will show that (2-SGp) has enough projective objects from the basic 
results of 1-dimensional homological algebraic theory. 

Notation[l] [2l [7]. For an abelian group G, we write Gdis for the symmetric 2-group with 
objects which are the elements of G, morphism of a —> & is only the identity when a — b, 
the monoidal structure is induced from the group structure of G. Moreover, for a symmetric 
2-group Q, we write ttq{Q) for the abelian group with the elements which are objects of Q up 
to isomorphism(denote by [6], for b E obj(Q)), equipped with monoidal structure + of B as the 
operation and with the unit object as the unit element. 

Lemma 1. Given a surjective group homomorphism f : B ^ C of abelian groups B and C. 
There is an essentially surjective morphism F : Bdis — >■ Gdis of symmetric 2-groups. 

Proof. There is a functor 

F ■ Bdis — > Gdis 
b ^ f{b), 
b%b^ f{b) % f{b) 

Also, F(6i + 62) = f{bi + 62) = f{bi) + 7(62) = F{bi) + F{b2). Then F is homomorphism of 
symmetric 2-groups. 
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Then for any c S obj(Cdis), i-e c G C. From the surjective group homomorphism /, there 
exists b £ B, such that f(b) ~ c. Then there exists an object b in Bdis, and identity niorphism 
F{b) = c. So, F is essentially surjective. □ 

Lemma 2. Given an essentially surjective homomorphism F : B ^ C of symmetric 2-groups. 
There is a surjective group homomorphism Fq : t:q{B) — )■ 7ro(C). 

Proof. There is a group homomorphism 

Fq : MB) MC) 

[b] ^ [F{b)] 

which is well-defined, since if b and b are in same equivalent class, i.e. there is an isomorphism 
a : & — > 6 in B, and for F is a functor, so there is an isomorphism F{a) : F{b) — > F{b ), then 
F{b) and F{b ) are the same element in 7ro(C). Moreover, for any [bi], [62] G vro(;B), 

Foiibi] + N) = Fo([&i + 62]) = [F{bi + &2)], 

Foiibi]) + Fo{[b2]) = + [F{b2)] - + F{b2)], 

there is an isomorphism F+(&i,62) : i^(6i + ^2) — -^"(^1) + ^(^2), such that + 62)] = 

[F{bi) + -^(62)] in 7ro(C). Then _Fo is group homomorphism. 

Then, for any [c] G 7ro(C), choose a representative element c G obj{C) of [c]. For c G obj{C), 
and essentially surjective morphism _F, there exist b G o&jS and an isomorphism g : F{b) c 
in C. Then, for [c] G 7ro(C), there exists [b] G 7ro(B), such that Fo{[b]) = [i^(6)] = [c], i.e. Fq is 
surjective. □ 

Lemma 3. Given a projective object P in (Ah), where (Ab) is the category of abelian arouvsf jlli 
Then Pdis is a projective object in (2-SGp). 



Proof. For each essentially surjective morphism F : A ^ B and morphism G : Pdis — ?> S in (2- 
SGp), from Lemma 2, there are group homomorphisms Fo : 'Ko{A) — > 7ro(£?) and Go : T^oiPdis) ^ 
7ro(B), with Fq is a surjection and ■no{Pdis) — P- 

For P is projective object in (Ab), There exists Gq : P ^ 7ro(^), such that the following 
diagram commutes: 
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From group homomorphism Gq : P — )• ttq^A), define a morphism 

G' : Pd^s A 

x^G =G'o(x), 

X ^ X i-> Gq{x) ^ Gq{x) 

where Gq{x) is the representative element of the equivalent class Gq{x) in 7ro(^), and G {xi + 
3^2) = G'q{xi +X2) = G'^{xi) + G'q{x2) = G' {xi) +G' {X2), for xi,X2 G obj{Pdis)- 

Moreover, for x S obj{Pdis) = P, there is Fq{Gq{x)) = Go{x), and under the definitions of 
Fq and Go, we have [F{G {x))] = [{F o G ){x)] = [G(x)] in tto{B), then there is an isomorphism 
hx : F o G ){x) -4- G{x) in B. It is easy to check that there is a 2-morphism h : F o G G in 
(2-SGp) by hx. 

From above, we proved that P^is is a projective object in (2-SGp). □ 
Lemma 4. Given a projective object V in (2-SGp). Then tto{P) is a projective object in (Ab). 

Proof. For each surjective morphism f : A ^ B and 1-morphism g : t:q{V) — !■ B in (Ab). 
From Lemma 1, we have an essentially surjective morphism F : Adis Bdis and a 1-morphism 
G : {Tro{'P))dis — > Bdis, and there is a composition G : V ^ {'n'o{P))dis — > Bdis- There exist a 
1-morphism G : V Adis and a 2-morphism h : F o G G in the sense of V is projective 
object in (2-SGp). 

Define a group homomorphism 

g : TToCP) A 

[x]^g{[x])^G\x) 

which is well-defined, since if [x\ = [x\in TrQ{P), there is an isomorphism a : x ^ x inV, and 
G is a fuctor, there is a morphism G (a) : G (x) — ?• G (x ) in Adis, so G (x) must be equal to 
G'{x') in A, i.e. g' {[x]) = g'i[x']). 

Moreover, from 2-morphism h : F oG G, we have a morphism : F{G (x)) G{x) in 
B. Thus, we have g ° f = g. □ 

The next lemma appeared in [Tj as a fact without proof, here we will give its proof. 

Lemma 5. For a symmetric 2-group A, there is a full and essentially surjective 1-morphism 
H ■.A^{MA))d^s in (2-SGp). 

Proof. There is a homomorphism of symmetric 2-groups 

H -.A—^ {M-A))dts 
a I— i> [a], 
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obviously, H is well-defined homomorphism of symmetric 2-groups. 



H is full: for any pair of objects ai,a2 in A, and identity morphism id : H{ai) H{a2) in 
{T^o{A))dis, i-G. [fli] — [02] in 7ro(,4), and from the definition of ttq{A), there is an isomorphism 
a : ai — > 02 in A, such that H{a) ~ id. 

H is essentially surjective: for any object [a] in {'no{A))dis, choose one representative object 
ae Aoi[a], s.t. H[a) = [a]. □ 



Abelian category (Ab) has enough projective objects as the category of Z-modules, i.e. for 
any abelian group A, there is a surjective morphism f : P ^ A, with P proiective|ll). 

Theorem 1. (2-SGp) has enough projective objects, i.e. for any symmetric 2-group in (2-SGp), 
there is an essentially surjective homomorphism F : V ^ A, with V projective object in (2-SGp). 



Proof. For any symmetric 2-group A, we have an abelian group 7ro(.4). Thus, for 7ro(^) £ 
obj{Ab), there is a surjective morphism h : P ^ tto(A), with P projective in (Ab). From Lemma 
3, we know that Pdis is a projective object in (2-SGp), together with the full and essentially 
surjective morphism H : A (TTQ{A))dis J], and the 1-morphism G : Pdis {TroiA))dis from 
Lemma 1, there exist a 1-morphism F : Pdis — > A, and 2- morphism /i : _ff o _F => G as in the 
following diagram 



F / 



A 



-^("oM)).,. 



Next, we will show that F : Pdis — > ^ is an essentially surjective morphism in (2-SGp). 

In fact, for any a G obj{A)^ there is Fl(a) e o&j((7ro(^))rfis), and since G is an essentially 
surjective morphism, there exist x € obj{Pdis), and isomorphism /3 : G{x) H{a) in {TTo{A))dis- 
Using 2-morphism h : HoF ^ G : Pdis (7i'o(-^))dis, there is a morphism h^ ■ H{F{x)) — >■ G{x), 
then we get a composition morphism (3 o hx '. H{F{x)) — > H(a) in {TrQ{A))dis, and since H is 
full, there is a morphism a : F{x) a in A, such that H{a) = (3 o h^. 

Then for any a G obj{A), there exist x G obj{Pdis) and an isomorphism a : F{x) — > a in 

Denote V = Pdis, we have an essentially surjective morphism F : V A, with V projective 
object in (2-SGp). □ 
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4 Main Results II 



Lemma 6. For a given 2-ring TZ(J3I), T^oiTV) is a ring. 

Proof. From the symmetric 2-group TZ, we have an abehan group 7ro(7?,) which is given as in 
Lemma 2, together with a muhiplication given by the multiphcation of TZ, i.e. for [ri], [r2] in 
■7To{TZ), [ri] ■ [r2] = [ri ■ r2] under the multiphcity of TZ. Also, the muhiphcity of tto{TZ) satisfies 
the following conditions, for all possible elements of -KoiTZ): 

1- ([^-i] • [^2]) • [fs] = [ri ■ r2] ■ [ra] = [(ri ■ rr2) ■ rs] = [ri(r2 • ra)] = [ri] • ([r2] ■ [rs]); 

2. There exists 1 G 7ro(7?.), which is the unit object in TZ, with 1 • [r] = [1 • r] = [r] = [r • 1] = 

H • 1; 

3. H-([so] + [si]) = H-[so+Si] = [r-(so+Si)] = [r-SQ+r-si] = [r-so] + [r-Si] = [r]-[so] + [r]-[si]. 
So, TToiTZ) is a ring. □ 

Lemma 7. For a ring R, there is a 2-ring Rdis associated with R. 

Sketch of proof. Rdis is a category consisting of: 
• Objects are just the elements of R; 

■ Morphism from ri to r2 is identity if ri = r2 , otherwise, empty. 
Rdis is a discrete symmetric 2-group for R is an abelian group. 

Rdis is a 2-ring from R is ring. We can define the 2-ring structure of Rdis the structure of 

R. 

Lemma 8. Given an TZ-2-module A4, then t:o{A4) is an iToiTZ) -module. Conversely, for an 
R-module M , then Mdis is an Rdis-2-module. 

Proof. First, 7ro(A^) is an abelian group, together with a binary operator 

• : ^o(7^) X 7ro(7W) ^M) 
([r], H) ^ [r ■ m], 

where r • m is the operation of 7?. on A^. 
Moreover, (7ro(7W),-) satisfies: 

1. [r] ■ ([mi] -|- [7712]) — [r] ■ [mi +m2] ~ [r ■ (mi +m2)] = [r -mi +r-m2] = [r -mi] + [r •m2] = 
[r] • [mi] + [r] • [m2]; 

2. ([ri] -t- [r2]) ■ [m] = [ri -f r2] ■ [m] = [(ri -|- r2) • to] = [ri • m -|- r2 ■ m] = [ri • m] -|- [r2 • m] = 
[ri] ■ [to] + [r2] ■ [m]; 
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3. {[n] ■ [r2]) ■ [m] = [ri ■ ■ [to] = [(ri • • to] = [ri • (r2 • m)] = [n] ■ [r2 ■ m] = [ri] • ([r2] • to); 

4. 1 • [to] = [1 • m] = [m]. 

So, 7ro(7W) is an 7ro(7?.)-2-niodule. 

Conversely, for an i?- module A/, there is a symmetric 2-group M^is. Moreover, there is 
a bifunctor • : -R^is x Mdis Mdis gave by (r, m) t-^ r ■ m under the operation of i? on M 
and natural identities from the axioms of i?-niodule A/. After basic calculations, Mdis is an 
-Rdis-2-module. 

□ 

Lemma 9. Let f : M ^ N be a surjective R-homomorphism of R-modules. Then there is an 
essentially surjective Rdis-homomorphism F : Mdis ~^ N dis- 
proof. There ia a functor 

F : Md^s ^ Nd^s 

TO I— > F{m) = f{m), 
TO ^ TO I— )• F{ni) ^ F{m) 
and -F(r ■ to) = /(r • to) — r ■ f{m) — r ■ F{m), then F is an i?c;is-homomorphism. 

For any n G Ndis = N, since / is surjective, there exists m € M — obj{AIdis), such that 
/(to) — n, i.e. F{m) = n. Then F is an essentially surjective i?c(is-homomorphism. □ 

Lemma 10. Let F : A4 ^ J\f be an essentially surjective TZ-homomorphism of TZ- 2- modules. 
Then there is a surjective TrQ{TZ)-homomorphism f : Tro{M.) 7ro(7V). 

Proof. There ia a ttq (7^)-homomorphism 

[to] ^ /([to]) = [F(m)] 

which is well-defined, if [m] = [to ], i.e. there is an isomorphism a : m — to , then there is an 
isomorphism -^(0!) : F(m) F(m ) in A/", i.e. /(to) — [F{m)\ = [F{m )] — f{m ). 

For any [n] e 7ro(A/'), choose a representative element n £ obj{N) of [n], and since F is 
essentially surjective, there exist m e obj{Ai), and /3 : F{m) — > n. Then there exists [to] £ 
7ro(A^), such that /([to]) = [F(to)] = [n] in 7ro(A/'), i.e. / is surjective. □ 

Lemma 11. For a projective object P in {R-Mod), there is a projective object Pdis in (Rdis-2- 
Mod). 

Proof. For any essentially surjective iJ^ig-homomorphism F : J\f and i?dis-homomorphism 

G : Pdis A/". We have a surjective i?-homomorphism / : 7ro(A^) — > 7i'o(A/') and an R- 
homomorphism g : P ^ tto{JV), and 7ro(Pdis) = P (H)- 
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Since P is a projective object, there exists g : P ^ 7ro(yV4) such that fog — g. Then we 
get an i?c(is-homomorphism 

G : Pms ^ M 

X G = g (x) 

where g (x) is the representative element of the isomorphism class of g (x) in 7ro(A^). And from 
f{g (x)) = g{x), i.e. [F{G (x))] = [G{x)], there exists an isomorphism : F{G (x)) — G{x) in 
TV, so defines a 2-morphism h : F o G ^ G. □ 

Theorem 2. (R.-2-Mod) has enough projective objects, i.e. for any M G ohj[TZ-2-Mod), there 
exists an essentially surjective TZ-homomorphism F : V ^ M with V projective object in (TZ-2- 
Mod). 

Proof. For M, 7ro(7W) S o6j ((7ro7?.)-Mod), and ((7ro7?.)-Mod) has enough projective objects([TT), 
there exists a surjective morphism g : P 7ro(A^) with P projective object in (7ro7?.-Mod). 
From Lemma 9, we have an essentially surjective G : Pais ^ (7''o(A^))dis, together with full 
and essentially surjective morphism H : Ai ^ (7ro(A^))dis (similar as Lemma 5), and Pdis is a 
projective object, there exist F : Pdis M, and 2-morphism h : H o F ^ G. 

Next, we will check that F is essentially surjective. For any m e obj{Ai), H{m) G 
ohj{^:o{M)dis)^ and G is essentially surjective, there exist x € obj{Pdis) — P and isomorphism 
a : G{x) H{m). From h : H o F ^ G, : H{F{x)) -> G{x), together with a, we have 
the composition morphism H{F(x)) H{m). Moreover, H is full, there exists a morphism 
F{x) -> TO in M. □ 
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